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Abstract
Peter Cameron introduced the concept of the circular altitude of graphs [2]; a
parameter which was shown by Bamberg et al. [1] that provides a lower bound
on the circular chromatic number. In this note, we investigate this parameter
and show that the circular altitude of a graph is equal to the maximum of cir-
cular altitudes of its blocks. Also, we show that homomorphically equivalent
graphs have the same circular altitudes. Finally, we prove that the circular
altitude of the Cartesian product of two graphs is equal to the maximum of
circular altitudes of its factors.
Keywords: Circular altitude, Monotonic cycle, Block, Homomorphism, Carte-
sian product.
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1 Introduction
Unless otherwise stated, considered graphs in this paper are simple and also have
nonempty and finite vertex sets. Also, the vertex set and the edge set of a graph G
are denoted by the symbols V (G) and E(G), respectively.
Let G be a graph and U : {1, 2, . . . , |V (G)|} → V (G) be a bijection. For simplic-
ity, for each i in {1, 2, . . . , |V (G)|}, we write ui instead of U(i). By a U-monotonic
cycle of lengthm, we mean a sequence ui1 , ui2 , . . . , uim ofm pairwise distinct vertices
of G such that whenever m > 1, the following three conditions hold simultaneously
:
• i1 < i2 < · · · < im;
• For each t with 1 ≤ t ≤ m− 1, two vertices uit and uit+1 are adjacent;
• Two vertices uim and ui1 are adjacent.
One can consider the bijection U as a linear ordering of V (G) like u1, u2, . . . , u|V (G)|;
and it can be thought of a U -monotonic cycle of length m as a single vertex ui1
(for m = 1), an edge ui1ui2 with i1 < i2 (for m = 2), or a cycle ui1 ∼ ui2 ∼
· · · ∼ uim ∼ ui1 such that ui1 , ui2 , . . . , uim appear according to the linear ordering
u1, u2, . . . , u|V (G)| (for m ≥ 3). For a linear ordering U : {1, 2, . . . , |V (G)|} → V (G),
the symbol |U| stands for the maximum length of a U -monotonic cycle. The circular
altitude of a graph G, denoted by αo(G), is defined as the minimum of |U|, where
U ranges over all linear orderings of V (G). In other words, the circular altitude of
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a graph G is the maximum positive integer m for which every linear ordering U of
V (G) admits a U -monotonic cycle of length at least m.
Let U1 be a linear ordering of V (G) of the form u1, u2, . . . , u|V (G)|. One can cor-
respond this linear ordering to a circle clock of radius 1 for which u1, u2, . . . , u|V (G)|
are arranged clockwise around it with the additional property that u1 is at the
highest point of this circle clock. Now, by rotating all the arranged vertices coun-
terclockwise 2pi
k
radians, we obtain the linear ordering U2 of V (G) of the form
u2, u3, . . . , u|V (G)|, u1. Continuing in this procedure k − 1 times, we gain Uk as
the linear ordering of V (G) of the form uk, uk+1, . . . , u|V (G)|, u1, u2, . . . , uk−1. It is
obvious that if there exists a U1-monotonic cycle of length m, then for each k in
{1, 2, . . . , |V (G)|}, there exist Uk-monotonic cycles of length m, as well. Therefore,
|U1| = |U2| = · · · = |U|V (G)||. This fact shows that for determining the circular
altitude of G, if we regard an arbitrary vertex x in V (G) as fixed, we may just
restrict our attention to those linear orderings whose first terms are x; i.e., those
linear orderings that begin with x. Also, |U1| = |U2| = · · · = |U|V (G)|| implies that
one may just focus on circular orderings of V (G) instead of linear orderings of V (G),
and then consider monotonic cycles in these circular orderings. Nevertheless, for the
sake of simplification, we just use linear orderings rather than circular orderings.
An interesting property of the citcular altitude parameter is its monotonicity.
This parameter is increasing in the sense that if a graph H is a subgraph of a graph
G, then αo(H) ≤ αo(G). As a consequence, the clique number is a lower bound
for the circular altitude. So, the inequality ω(G) ≤ αo(G) holds for every graph G.
Also, since the circular altitude is a parameter related to monotonic cycles, it is a
natural proposition that if αo(G) ≥ 3, then αo(G) is greater than or equal to the
girth of G [1].
The concept of circular altitude of graphs was introduced by Cameron in [2] and
it was investigated by Bamberg, Corr, Devillers, Hawtin, Pivotto, and Swartz in [1].
Bamberg et al. showed that the circular altitude of a graph provides a lower bound
on its circular chromatic number; that is, αo(G) ≤ χc(G). Also, they provided some
examples of graphs with ω(G) < αo(G) < χc(G).
In this paper, we investigate the circular altitude of graphs. We prove that the
circular altitude of a graph is equal to the maximum of circular altitudes of its
blocks. Also, we show that homomorphically equivalent graphs have the same cir-
cular altitudes. Finally, we prove that the circular altitude of the Cartesian product
of two graphs is equal to the maximum of circular altitudes of its factors.
2 Reduction to 2-connected graphs
This section concerns the relation between the circular altitude of a graph and
circular altitudes of its blocks. We show that for the circular altitude parameter, we
can restrict the study of all graphs just to the study of their blocks.
A cut-vertex of a graph, is a vertex in such a way that removing it from the graph
results in a new graph with a higher number of components. A graph is called
nonseparable if it is connected and has no cut-vertices. A block of a graph G is
a nonseparable subgraph of G which is not a subgraph of another nonseparable
subgraph of G. In other words, a block of a graph G is a maximal nonseparable
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subgraph of G. Every block of a graph is a complete graph with one vertex or is a
complete graph with two vertices or is a 2-connected graph.
In the next theorem, we show that the circular altitude of every graph equals the
maximum of circular altitudes of its blocks. Since αo(K1) = 1 and α
o(K2) = 2,
therefore, the study of circular altitude of graphs can be reduced to the study of
circular altitude of 2-connected graphs.
Theorem 1. The circular altitude of every graph equals the maximum of circular
altitudes of its blocks.
Proof. The proof falls into three independent steps, as follows.
Step 1. In this step, we show that the circular altitude of a graph G is equal to
the maximum of circular altitudes of its components. In this regard, suppose that
all components of G are G1, G2, . . . , Gm. Since G1, G2, . . . , Gm are subgraphs of G,
we have
αo(G) ≥ max{αo(G1), α
o(G2), . . . , α
o(Gm)}.
What is left in this step is to show that αo(G) ≤ max{αo(G1), α
o(G2), . . . , α
o(Gm)}.
For each i in {1, . . . ,m} let the bijection Ui : {1, 2, . . . , |V (Gi)|} → V (Gi), which
is considered as vi1 , vi2 , . . . , vi|V (Gi)| , be a linear ordering of V (Gi) in such a way
that αo(Gi) = |Ui|. Therefore, for each i in {1, . . . ,m}, the maximum length
of a Ui-monotonic cycle equals α
o(Gi). Now, according to the linear orderings
U1,U2, . . . ,Um, regard the natural linear ordering U := U1U2 . . .Um as a linear or-
dering of V (G). The linear ordering U satisfies both of the following two conditions
:
• If 1 ≤ i < j ≤ m then each vertex of Gi occurs before each vertex of Gj .
• For each i in {1, . . . ,m} and for any two vertices a and b in V (Gi), the vertex
a occurs before the vertex b in the linear ordering U iff a occurs before b in
the linear ordering Ui.
Since each U -monotonic cycle lies in exactly one of G1, G2, . . . , Gm, we obtain
|U| ≤ max{|U1|, |U2|, . . . , |Um|}.
Therefore,
αo(G) ≤ |U| ≤ max{αo(G1), α
o(G2), . . . , α
o(Gm)}.
So, αo(G) = max{αo(G1), α
o(G2), . . . , α
o(Gm)}; which is desired in this step.
Step 2. In this step, we suppose that H is a connected graph with a cut-vertex
x, and H1,H2, . . . ,Hm are all components of H − {x}, where H − {x} is the graph
obtained by deleting the vertex x from the graph H. Also, for each i in {1, . . . ,m},
let H ′i be the subgraph of H induced by V (Hi)∪{x}. In this step, the aim is proving
that αo(H) = max{αo(H ′1), α
o(H ′2), . . . , α
o(H ′m)}. For proving this fact, we should
mention that for each of the graphs H,H ′1,H
′
2, . . . ,H
′
m, without loss of generality,
we can just restrict our attention to those linear orderings that begin with x. For
each i in {1, 2, . . . ,m}, let Wi be a linear ordering of V (H
′
i) that begins with x and
also αo(H ′i) = |Wi|. Now, using W1,W2, . . . ,Wm, we consider a linear ordering W
of V (H) that satisfies the following two conditions simultaneously :
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• The linear ordering W begins with x.
• For each i in {1, 2, . . . ,m} and for any two vertices a and b in V (H ′i), the
vertex a occurs before the vertex b in the linear orderingW iff a occurs before
b in the linear ordering Wi.
Now, since any W-monotonic cycle whose length is |W| settles in exactly one of
H ′1,H
′
2, . . . ,H
′
m, the inequality |W| ≤ max{|W1|, |W2|, . . . , |Wm|} holds. Thus,
αo(H) ≤ |W| ≤ max{αo(H ′1), α
o(H ′2), . . . , α
o(H ′m)}.
On the other hand, since H ′1,H
′
2, . . . ,H
′
m are subgraphs of H, we have
αo(H) ≥ max{αo(H ′1), α
o(H ′2), . . . , α
o(H ′m)}.
Hence, αo(H) = max{αo(H ′1), α
o(H ′2), . . . , α
o(H ′m)}; and we are done in this step.
We are now in a position to complete the proof of the theorem in Step 3.
Step 3. Let G be a graph. We show that αo(G) = max{αo(B) | B is a block of G}.
The inequality αo(G) ≥ max{αo(B) | B is a block of G} follows immediately from
the fact that each block of G is a subgraph of G.
For proving αo(G) = max{αo(B) | B is a block of G}, it is sufficient to show that
there exists a block of G whose circular altitude equals αo(G). In this regard, define
S as the set of all subgraphs of G such that their circular altitudes are equal to
αo(G). More precisely,
S := {T | T is a subgraph of G and αo(T ) = αo(G)}.
Let us regard a graph H in S with the minimum number of vertices. Indeed, H is
a subgraph of G with the minimum number of vertices for which αo(H) = αo(G).
According to the Step 1, the graph H is connected; since otherwise, there exists
a component of H (with a smaller number of vertices than to |V (H)|) such that
its circular altitude equals αo(G), which is a contradiction to the minimality of the
number of vertices ofH. Also, on account of the Step 2, the graphH has not any cut-
vertices. So, H is a subgraph of G which is connected and has not any cut-vertices.
Consequently, H is a subgraph of a block B of G. Now, since H is a subgraph of
B and B is a subgraph of G, we conclude that αo(G) = αo(H) ≤ αo(B) ≤ αo(G).
Accordingly, αo(B) = αo(G); and the assertion follows. 
3 Circular altitude and graph homomorphism
A homomorphism from a graph G to a graph H, is a function from the vertex set
of G to the vertex set of H which preserves all adjacencies. To be more precise, a
homomorphism from a graph G to a graph H is a function f : V (G) → V (H) such
that for any two vertices x and y in V (G) the following condition holds
xy ∈ E(G) =⇒ f(x)f(y) ∈ E(H).
We write G −→ H whenever there exists a graph homomorphism from G to H.
Two graphs G and H are called homomorphically equivalent graphs if both of the
conditions G −→ H andH −→ G are satisfied. The theory of graph homomorphisms
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is one of the most interesting concepts in graph theory. Many important notions and
parameters in graph theory can be interpreted in terms of graph homomorphisms.
For various examples, one can see the references [3, 4, 6]. For the circular altitude
parameter, a natural question is whether homomorphically equivalent graphs have
the same circular altitudes. The next theorem gives an affirmative answer to this
interesting question.
Theorem 2. Homomorphically equivalent graphs have the same circular altitudes.
Proof. In order to prove the theorem, it is sufficient to show that if there ex-
ists a surjective homomorphism f : V (G) → V (H) from a graph G to a graph
H, then αo(G) ≤ αo(H). In this regard, let U be a linear ordering of V (H) with
|U| = αo(H). Consider the linear ordering U as v1, v2, . . . , v|V (H)|. Now, mak-
ing use of the linear ordering U , we construct a linear ordering U˜ of V (G) as
f−1(v1)f
−1(v2) · · · f
−1
(
v|V (H)|
)
. In the linear ordering U˜ , for each i and j with
1 ≤ i < j ≤ |V (H)|, each vertex of f−1(vi) occurs before each vertex of f
−1(vj). In-
deed, first all vertices of f−1(v1) are arbitrarily arranged, then all vertices of f
−1(v2)
are arbitrarily arranged, ... , and finally all vertices of f−1
(
v|V (H)|
)
are arbitrar-
ily arranged in order to construct U˜ . The homomorphism f : V (G) → V (H) is a
function from V (G) onto V (H) and the restriction of f on the vertices of any U˜ -
monotonic cycle is an injective function. Furthermore, by the homomorphism f , the
image of any U˜ -monotonic cycle of length m forms a U -monotonic cycle of length m.
Accordingly, |U˜ | ≤ |U|. Since |U| = αo(H), we conclude that αo(G) ≤ |U˜| ≤ αo(H);
and the assertion follows. 
In view of the proof of the Theorem 2, we observe that the circular altitude of
graphs is an increasing parameter in the sense that if there exists a homomorphism
from a graph G to a graph H, then αo(G) ≤ αo(H). Indeed,
G −→ H =⇒ αo(G) ≤ αo(H).
Theorem 1 states that the circular altitude of every graph equals the maximum of
circular altitudes of its blocks. A natural question is the relation between the circular
altitude of a graph and the circular altitudes of its cores. A graph G is called a core
graph whenever every homomorphism from G to itself is an isomorphism. A core of
a graph G, is a subgraph of G, say G, such that the following two conditions hold
simultaneously :
• G is a core graph,
• G and G are homomorphically equivalent.
In other words, a core of a graph G is a subgraph G of G such that G is a core graph
and G −→ G. It is known that every graph has a unique core up to isomorphism;
see [3] or [4] or [6]. So, Theorem 2 implies that the circular altitude of any graph is
equal to the circular altitude of its core.
Corollary 1. The circular altitude of any graph is equal to the circular altitude of
its core.
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4 Circular altitude of Cartesian product of graphs
Let G and H be two graphs. The Cartesian product of G and H, denoted by GH,
is a graph whose vertex set is V (G) × V (H), and two vertices (v1, h1) and (v2, h2)
are adjacent in GH if one of the following two conditions holds :
• v1 = v2 and h1h2 ∈ E(H),
• h1 = h2 and v1v2 ∈ E(G).
The graphs G and H are called the factors of the Cartesian product GH. The
Cartesian product of graphs is commutative up to isomorphism; that is, GH and
HG are isomorphic for any two graphs G and H. Also, it is associative up to
isomorphism. For more information about Cartesian product of graphs, one can see
[5].
In 1957, Sabidussi proved that the chromatic number of the Cartesian product
of two graphs is equal to the maximum of chromatic numbers of its factors [7]. More
Precisely, for any two graphs G and H, we have χ(GH) = max{χ(G), χ(H)}. Zhu
showed that this fact also holds for the circular chromatic number; that is, for any
two graphs G and H, the equality χc(GH) = max{χc(G), χc(H)} holds [8]. In
the next theorem, we are concerned with how circular altitude behaves on Cartesian
product of graphs. We prove an analogue of the two mentioned equalities for the
circular altitude parameter.
Theorem 3. The circular altitude of the Cartesian product of two graphs is equal
to the maximum of circular altitudes of its factors. Indeed, for any two graphs G
and H we have αo(GH) = max{αo(G), αo(H)}.
Proof. Let the vertex sets of graphs G and H be V (G) := {g1, g2, . . . , g|V (G)|} and
V (H) := {h1, h2, . . . , h|V (H)|}, respectively. For each integer i in {1, 2, . . . , |V (G)|},
the subgraph of GH induced by the set {gi} × V (H) is isomorphic to H. Denote
this subgraph by Hi. This shows that α
o(H) ≤ αo(GH). Also, for each j in
{1, 2, . . . , |V (H)|}, the subgraph of GH induced by the set V (G)×{hj} is isomor-
phic to G. Similarly, we denote this subgraph by Gj . Thus, α
o(G) ≤ αo(GH). We
deduce that
αo(GH) ≥ max{αo(G), αo(H)}.
So, we shall have established the theorem if we prove the following :
αo(GH) ≤ max{αo(G), αo(H)}.
In this regard, we consider below three cases.
Case 1. The case that αo(G) = 1.
In this case, G has no edges and each component of GH is isomorphic to the graph
H. In view of the proof of the Theorem 1, we find that the circular altitude of every
graph equals the maximum of circular altitudes of its components. This shows that
in this case, for the graph GH we have
αo(GH) = αo(H) ≤ max{αo(G), αo(H)}.
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Case 2. The case that αo(H) = 1.
Since GH and HG are isomorphic, similar to the previous case,
αo(GH) = αo(HG) = αo(G) ≤ max{αo(G), αo(H)}.
Case 3. The case that αo(G) ≥ 2 and αo(H) ≥ 2.
Without loss of generality, we may assume that UG := g1, g2, . . . , g|V (G)| and UH :=
h1, h2, . . . , h|V (H)| are linear orderings of G and H, respectively, in such a way that
αo(G) = |UG| and α
o(H) = |UH |. Let us consider the linear ordering UGH of
V (GH) for which the vertices of V (GH) are ordered lexicographically. More
precisely, in the linear ordering UGH , a vertex (gi, hj) occurs before a vertex (gi′ , hj′)
iff one of the following two conditions holds :
• i < i′
• i = i′ and j < j′ .
Certainly, the inequality αo(GH) ≤ |UGH | holds. Our aim is showing that
|UGH | ≤ max{α
o(G), αo(H)}. The procedure is regarding an arbitrary UGH -
monotonic cycle (gi1 , hj1), (gi2 , hj2), . . . , (gim , hjm) as fixed and proving that m ≤
max{αo(G), αo(H)}.
There is nothing to prove when m = 1. So, assume that m ≥ 2. The vertices of
V (GH) are ordered lexicographically in the linear ordering UGH . Hence, i1 ≤
i2 ≤ · · · ≤ im. We show that also j1 ≤ j2 ≤ · · · ≤ jm holds as well. Let k be an
integer in {1, 2, . . . ,m−1}. Obviously, since (gik , hjk) and (gik+1 , hjk+1) are adjacent
in GH, we have either hjk = hjk+1 or gik = gik+1 . The former implies jk = jk+1.
The latter imples ik = ik+1; and since (gik , hjk) occurs before (gik+1 , hjk+1), we must
have jk < jk+1. We conclude that j1 ≤ j2 ≤ · · · ≤ jm.
Now, since the sequence (gi1 , hj1), (gi2 , hj2), . . . , (gim , hjm) is a UGH -monotonic cy-
cle, two vertices (gi1 , hj1) and (gim , hjm) are adjacent in GH. Therefore, one of
the following two subcases holds :
Subcase 3.1. Two vertices hj1 and hjm are adjacent in H, and gi1 = gim .
In this subcase, since gi1 = gim , we have i1 = im; and therefore, i1 = i2 =
· · · = im. So, gi1 = gi2 = · · · = gim ; and thus, the UGH -monotonic cycle
(gi1 , hj1), (gi2 , hj2), . . . , (gim , hjm) lies in Hi1 . Besides, the sequence hj1 , hj2 , . . . , hjm
forms a UH -monotonic cycle. Therefore,
m ≤ |UH | = α
o(H) ≤ max{αo(G), αo(H)}.
Subcase 3.2. Two vertices gi1 and gim are adjacent in G, and hj1 = hjm .
In this subcase, the equality hj1 = hjm implies that j1 = jm. So, j1 = j2 =
· · · = jm and hj1 = hj2 = · · · = hjm. This shows that the UGH-monotonic cycle
(gi1 , hj1), (gi2 , hj2), . . . , (gim , hjm) lies in Gj1 ; and also, the sequence gi1 , gi2 , . . . , gim
forms a UG-monotonic cycle. Accordingly,
m ≤ |UG| = α
o(G) ≤ max{αo(G), αo(H)};
which completes the proof of the theorem. 
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